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1. Introduction

Let &, denote the symmetric group of all permutations of [n], where [n] =
{1,2,...,n}. As usual, we write 7 = 7w(1)7(2) - - -7(n) € &,. A fized point of 7 € &,, is
an index k € [n] such that w(k) = k. Let fix (7) be the number of fixed points of 7. We
say that m is a derangement if it has no fixed points. Denote by D,, the set of all derange-
ments in &,,, and the derangement number d, counts fixed point-free permutations in
S,.ie., d, = #D,. It is well known that

(1)

=0

Derangements have been studied from various perspectives, see [15,49] for surveys on
this topic. For example, Désarménien-Wachs [15] constructed a bijection between descent
classes of derangements and descent classes of desarrangements (a desarrangement is a
permutation whose first ascent is even). Recently, Gustafsson-Solus [24] investigated the
geometric interpretation of derangement polynomials.

The enumeration of finite sequences according to the number of successions was ini-
tiated by Kaplansky and Riordan in the 1940s [26,40]. There are several variants of
successions and they have been extensively studied on various structures, including per-
mutations [6,16,19,36,47], set partitions [34,35,37], inversion sequences [38], increasing
trees and perfect matchings [17]. For instance, an adjacency of m# € &, is an index
k € [n — 1] such that (k) = n(k + 1) + 1, see [8]. While an odd (resp. even) succes-
sion within 7 is meant to be an index k such that w(k) and 7(k 4+ 1) are both odd
(resp. even), and a parity succession will refer to a succession of either kind, see [38].
Recently, Mansour-Shattuck [38] considered the joint distribution of four parameters on
inversion sequences which track the number of occurrences of the two kinds of parity
successions and runs.

A succession of m € &,, is an index k € [n — 1] such that 7(k + 1) = 7(k) + 1, and
(k) is called a succession value. Let suc(m) be the number of successions of 7. The
joint distribution of ascents and successions over permutations has been explored by
Roselle [41] and Dymacek-Roselle [19]. Let ¢, = #{m € &,, : suc (7) = 0}. Following [41,
Eq (3.8)], one has

According to [7], a relative derangement on [n] is a permutation in &,, with no succes-

sions. By the principle of inclusion and exclusion, Brualdi [7, Theorem 6.5.1] deduced
that

qn:(nfl)!zw_

- (3
=0
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Combining this explicit formula with (1), Brualdi rediscovered the identity (2). A com-
binatorial interpretation of (2) has been obtained by Chen [10] by introducing skew
derangements.

Recently, Diaconis-Evans-Graham [16] found that for all I C [n — 1], one has

#{re6,:{ken-1]:wk+1)=n(k)+1} =1}

(3)
=#{neG,:{ken—-1:n(k)=k} =1}

They presented three different proofs of it, including an enumerative proof, a Markov
chain proof and a bijective proof. In [6], Brenti-Marietti extended the notion of succession
for ordinary permutations to adjacent ascent of colored permutations.

The organization of this paper is as follows. In Section 2, we collect the definitions
and preliminary results that will be used in the sequel. In Section 3, we investigate
the enumerators for the joint distribution of descents, big ascents and successions over
all permutations in the symmetric group. As an generalization of (3), we show that
two triple set-valued statistics of permutations are equidistributed. Then we introduce
the definition of proper left-to-right minimum. Let plrmin (7) and cyc (7) denote the
numbers of proper left-to-right minima and cycles of 7, respectively. In Section 4, we
study the relationship between the fix and cyc (p, ¢)-Eulerian polynomials and the joint
distribution of succession and Eulerian statistics. A special case of Theorem 21 says that

fix ()
. t+s
suc (Tr)tplrmln (m) — 2cyc (m)
E s Z ( 2 > ’

TES 41 TES,

which says that (suc, plrmin) is a symmetric distribution. In the end, the following dual
convolution formulas are established:

n—1
n . . _ basc ()
Z <i>Al(w)An_l(ac) = Z x ;
i=1 TEG 41
simsuc (7)>1

m(1)>1

(?)Ai(a:)dn_i(x): S gbaselm),

TES 41
suc (7)=0
w(1)>1

3

1=

Ju

where A,,(z) and d,(x) are the classical Eulerian and derangement polynomials, respec-
tively.

2. Notation and preliminary results

During the past decades, there has been much work on the symmetric expansions of
polynomials, see [1,28,31,33] for instances. Let f(z) = Y., fiz* be a polynomial with
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real coefficients. If f(z) is symmetric, i.e., f; = f,,—; for all indices 0 < 7 < n, then it can
be expanded uniquely as

(/2]
fl) =" ma"(1+z)" "

k=0

It is said to be 7y-positive if v, > 0 for all k. The polynomial f(z) is said to be spiral if

fngfogfn—lgflggan/ij

and it is said to be alternatingly increasing if

fO < fn <f1 gfnfl < <f|_(n+1)/2j

If f(x) is spiral and deg f(x) = n, then z™f(1/x) is alternatingly increasing, and vice
versa. From [2, Remark 2.5], we see that f(z) has a unique decomposition f(z) = a(z)+
ab(x), where

_ f@) —a" (1))

1—z

2" f(1/2) ~ f(z)

1—2x

» b(x) =

(4)

When f(0) # 0, we have dega(zx) = n and degb(xz) < n — 1. Note that a(z) and b(x)
are both symmetric. We call the ordered pair of polynomials (a(x), b(z)) the symmetric
decomposition of f(x). Brandén-Solus [3] pointed out that f(x) is alternatingly increasing
if and only if the pair of polynomials in its symmetric decomposition are both unimodal
and have only nonnegative coefficients. Following [31, Definition 1.2], the polynomial
f(z) is said to be bi-y-positive if a(z) and b(x) are both y-positive. Thus bi-y-positivity
is stronger than alternatingly increasing property, see [1,4,25,31] for the recent progress
on this subject. In this paper, we shall present several new ~-positive or bi-y-positive
polynomials.

Let m € &,. A descent (resp. ascent, excedance) of 7 is an index i € [n — 1] such
that w(i) > 7(i + 1) (resp. w(i) < 7(i + 1), w(¢) > ¢). Let des (w) (resp. asc (7), exc (7))
denote the number of descents (resp. ascents, excedances) of 7. It is well known that
descents, ascents and excedances are equidistributed over the symmetric groups, and
their common enumerative polynomials are the Eulerian polynomials A,(x), i.e.,

An(x) — Z pdes (m) — Z s (m) _ Z 2o (m)

TES, eSS, eSS,

The derangement polynomials are defined by

dp(x) = Z e (™),

w€Dy,
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In the theory of subdivisions of simplicial complexes, the Eulerian polynomial A, (z)
arises as the h-polynomial of the barycentric subdivision of a simplex and derangement
polynomial d,,(z) as its local h-polynomial, see [24,45] for details.

Below are the first few Eulerian and derangement polynomials:

Ao(x) = Ay(z) =1, Ag(x) =1+, Az(x) =1 +4a + 22, Ag(z) =1+ 1o+ 112* + 2,
do(x) =1, dy(x) =0, da(z) =z, d3(x) = x + 22, dy(x) =z + T2* + 2°.

The generating function of d,,(z) is given as follows (see [5, Proposition 6]):

1—2x

A(w:2) = D dalw) S = 5)
n=0 :

Tz _ pe? :

We say that an index i is a double descent of m € &,, if w(i—1) > w(i) > w(i+1), where
m(0) = m(n 4+ 1) = 0. Foata-Schiitzenberger [20] discovered the following remarkable
result:

[n—1/2) |
Ap(x) = Z Yzt (14 z)" 172 (6)

=0

where 7, ; is the number of permutations in &,, with ¢ descents and have no double
descents. Let cda (m) = #{i : 77 1(i) < i < m(i)} be the number of cycle double ascents
of m. Using the theory of continued fractions, Shin-Zeng [42, Theorem 11] obtained that

[n/2]
dn(l‘, Q) — Z 7%C (w)qcyc (m) — Z Z qcyc (rr)xk(l + x)n—Qk’ (7)
wE€Dy, k=1 7€D, i

where D,, , = {m € &, : fix (7) = 0, cda(w) =0, exc(w) =k}. So d,(x) is y-positive.
Let P(n,r,s) be the number of permutations in &,, with r ascents and s successions.
Roselle [41, Eq. (2.1)] proved that

Let Q, be the set of permutations in &, with no successions. Let Pl(z) =
Z;:ll P*(n,r)z", where P*(n,r) = #{m € Q,, : asc(mr) = r — 1, w(1) > 1}. Follow-
ing [41, Eq. (4.3)], one has

Tz _ pe? :

> 2" 1—=z
P* _—— 8
3PS = (5)

Comparing (8) with (5), one can immediately find that
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Py (x) = dn (). (9)
The ascent polynomials over Q,, are defined by P, (z) = > .o ¢ (m+1 Using [41
Eq. (3.8)], we see that
P, (z) =Pi(z)+zP,_,(z) = dn(x) + zdn_1(x). (10)

When z = 1, it reduces to (2). As d,,(z) is y-positive, we arrive at the following result.
Proposition 1. The polynomials P,(x) are bi-y-positive.

A drop of m € G,, is an index ¢ such that 7(¢) < i. Let drop (7) denote the number of
drops of 7. For m € D, it is clear that exc (7)+drop (7) = n. The bivariate derangement
polynomials are defined by

dn(.’E, y) _ Z 2€XC (Tr)ydrop (77)

TEDy
It follows from (5) that
ad 2" Yy—x
d = dn —_— 11
7)== ()

Define

Crla,y,s) = Y aoxe(mydrop(m)gfix(m
TES,

A, y) = Calw,yy) = 3wt Plyrop (),
T€ES,

It is clear that d,,(z,y) = Cy(z,y,0). Since

n$97 Zn:()Sdnzxy)

=0
it follows from (11) that
2 _ (y—a)e”
, Cn(z,y,8)— = ——"——. 12
LL' Y5 8 Z Z Q? Y, 8 l yerz — reyz ( )
In particular, we obtain
(y — w)e?”
: An( = 13
xyy Z xy nl yezz_xeyz ( )
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Let m € &,,. A big ascent of m is an index ¢ € [n — 1] such that 7(i 4+ 1) > 7 (i) + 2. Let
basc (7) be the number of big ascents of 7. It is clear that asc (7) = suc (7) + basc ().
Consider the following trivariate Eulerian polynomials

An(x,y, 8) _ Z xbasc (ﬂ)ydes (‘n')Ssuc (7r) (14)

TeS,

Below are these polynomials for n < 5:

Ao(z,y,s) = Ai1(z,y,8) = 1, As(z,y,5) = s+,
As(z,y,s) = (s +y)* + 2zy, As(z,y,s) = (s+y)° + 6xy(s +y) + 2zy(z +y),
As(z,y,8) = (s +y)" + 12xy(s + y)* + 8xy(s + y)(x + y) + 2zy(x + y)* + 162y,

In particular, A, (z,1,2) = A, (1,z,1) = A,(z), where A, (z) is the Eulerian polynomial.
Define

o0

P
A= A(:U,y,s,z) = ZAnle(xay’s)m'
n=0 ’

Note that des(w) = n — 1 — suc(w) — basc (7) for 7 € &,,. Combining this with [41,
Eq. (5.9)] and [41, Eq. (6.9)], it is routine to deduce that

2
A = o) (&) 7 (15)

yers — xe¥*

which can be verified directly by using (20). In Corollary 30, we give a generalization
of (15). It should be noted that (15) can be seen as a special case of [48, Theorem 1].
Comparing (15) with (11), (12) and (13), we get the following result.

Proposition 2. For n > 0, we have

Anti(z,y,s) = Xn: (n) Ai(z,y)Cri(,y, 5),

~

" /n
A=) =3 () i)
In particular,

)Ai(:c)An_i(:c). (17)
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Recall that Q,, = {m € &,, : suc(w) = 0}. Then basc (7) = asc(w) when 7 € Q,,.
Note that A, (z,1,0) =>_ o xP2e(m) By (16), we see that a symmetric decomposition
of Ayy1(x,1,0) is given as follows:

n

AnJrl(l'v 170) = dn(l') + Z (

=1

n

) Ai(z)dp—i(x).

2

Using (9), we observe that

dn(l‘) _ Z xbasc (7r)

TEQn+1

m(1)=1

Combining this with (10), we conclude the following new result.

Corollary 3. We have A, (z,1,0) is bi-y-positive and

dnt1(z _372() i) = Y b

TEQnt1
7(1)>1

Note that

l‘, 1’ 1 Z xbasc

€S,
Below are the A, (z,1,1) for n < 4:
Ay(z,1,1) =1, Ag(x,1,1) =2, Asz(x,1,1) = 4+ 2z, Ay(x) =8+ 14w + 2272
Clearly, deg (Ap4+1(z,1,1)) = n — 1. By (17), an equivalent form of the symmetric de-

composition of 2" 1A, 1(1/z,1,1) is given by

Apgr(z,1,1) = 24,( Z( ) )An_i(). (18)

It is well known (see [22]) that the product of two y-positive polynomials is still y-positive.
Using (6), we see that A;(x)A,_i(z) is y-positive and deg (A;(z)A,—;(x)) = n — 2 for
any 1 < i < n— 1. Note that A;(x)A,_;(z) is not divisible by x. We get the following
result.

Proposition 4. For any n > 2, the polynomial 2" 2A,(1/x,1,1) is bi-y-positive, and so
the big ascent polynomial A, (x,1,1) is spiral.
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Fig. 1. A weighted 0-1-2 increasing planted tree on {0,1,2,...,8}.

In subsection 4.5, we shall present a combinatorial interpretation for the decomposi-
tion (18), which will lead to two combinatorial interpretations of the Eulerian polyno-
mials A, (x).

3. Triple and quadruple statistics
3.1. Main results

An increasing tree on {0,1,2,...,n} is a rooted tree with vertex set {0,1,2,...,n} in
which the labels of the vertices are increasing along any path from the root 0 to a leaf.
The degree of a vertex is referred to the number of its children. A 0-1-2 increasing tree
is an increasing tree in which the degree of any vertex is at most two.

Definition 5. A 0-1-2 increasing planted tree on {0,1,...,n} is a rooted tree with the
root 0 satisfying the following two conditions:

(1) the degree of each child of the root 0 is at most one;
(74) the components of the root 0 are vertex-disjoint 0-1-2 increasing trees and the union
of the labels of these components forms a set partition of [n].

An illustration of a 0-1-2 increasing planted tree is given by Fig. 1, where we assign a
weight (in each parenthesis) to each vertex and there are three components of the root
0.

We can now present the first main result of this paper.

Theorem 6. Let A, (x,y,s) be the trivariate Eulerian polynomials defined by (14). Then

0 0

0
An+1(‘r,yvs) = (s + y)An(‘rayvs) + zry <£ + a_y + %) An(x7yvs)7 (19)
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which can be rewritten as

0 0 o 0
—A= A —+—+ = A 20
0z (s +) +xy<8z+8y+8s> (20)
Moreover, one has
n Ln=9)/2]
Anea(ey9) =D (s +9) D s (Cey) @ +y)" (21)
i=0 J=0
where the coefficient v, ; ; satisfies the recursion
Vnttig = Vi1 + L+ DMmavrj—1 +3mag + (0 =1 =2+ 2) g1, (22)

with the initial conditions 79,00 = 1 and v9:; = 0 for (i,j) # (0,0). The number vy ; ;
equals the number of 0-1-2 increasing planted trees on {0,1,...,n} with i + j leaves,
among which i leaves are children of the root.

Combining (5) and (15), we see that

R AL

=0
Corollary 7. We have
Ln/2] _ |
An+1 Ty, — Z l,basc (7r) des (TI')( )quc(‘n-) — Z %,0,;‘(23311)](16-1-3/)"_2]7
TES 41 j=0

and so the binomial convolution of the derangement polynomials is ~y-positive, i.e.,

" n Ln/2] , 4
Z <Z>dz(x)dnz(x) = An+1(.%', 1, —1) = Z ’Vn’o’j(Q!L‘)j(l + l’)n_Qj.

i=0 j=0
Given any m € G,,, we define

Basc(m) ={r(i+1):7(i+1) >7({)+2, i€ n—1]},
Des(r) ={r(i+1):7(i) > x(i+1), i€ n—1},
Suc(m) ={n(i+1):w(i+1) =7(Q) +1, ie [n—1]},
Drop () = {n(i) : w(i) <4, i € {2,3,...,n}},

Exc () = {n(i) : 7(i) > i, i € {2,3,...,n}},
Fix (r) = {x(i) : 7(i) = i, i € {2,3,...,n}}.
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Set drop () = #Drop (), exc (r) = #Exc () and fix (r) = #Fix ().
Theorem 8. The following two triple set-valued statistics are equidistributed over &, :
(Basc, Des, Suc), (]5(\(:, Drop, ﬂ)

So we have

Z xbasc (w)ydes (W)Ssuc (m) — Z me/xE (w)ydrop (W)Sﬁ;( (m) )

TeES, TeES,

Since &xc + fix is equidistributed with asc over G, it is an Eulerian statistic.
3.2. Proof of Theorem 6

For an alphabet A, let Q[[A]] be the rational commutative ring of formal power series
in monomials formed from letters in A. Following Chen [9], a context-free grammar over
A is a function G : A — Q[[A]] that replaces each letter in A by a formal function over
A. The formal derivative Dg with respect to G satisfies the derivation rule:

Dg(u+v) = Dg(u) + Dg(v), Dg(uv) = Dg(u)v +uDg(v).

In the theory of context-free grammars, there are two widely used method. The gram-
matical labeling method is an assignment of the underlying elements of a combinatorial
structure with variables, which is consistent with the substitution rules of a grammar,
see [11,18]. Another well known method is the change of grammars, which essentially is
a change of variables, see [12,13,28,30-32] for applications.

The following result is fundamental.

Lemma 9. If
G={L— Ly,M — Ms,s = zy,x = 2y,y — Ty}, (23)
then we have
DE(LM) = LM Ay gy (z,y,8) = LM Y gPasc(mydes(m gue(m), (24)
TEG i1

Proof. We first introduce a grammatical labeling of 7 = w(1)7(2) - - -7(n) € &,
(i) Put a superscript label L at the front of ;

)
)
(iii)
)

(iv) If i is a descent and 7 (i) # n, then put a superscript label y right after m(i);

(#4) Put a superscript label M right after the maximum entry n;

If ¢ is a big ascent, then put a superscript label z right after = (¢);
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(v) If m(n) # n, then put a superscript label y at the end of ;
(vi) If 7 is a succession, then put a superscript label s right after (7).

The weight of 7 is defined to be the product of its labels. Thus the weight of 7 is given
by

”LU(’/T) _ Lbeasc (W)ydes () §5UC () )

Note that &; = {£1M} and &y = {F152M L 2M 1Y}, Note that Dg(LM) = LM (s + y).
The weight of the element in &; is LM and the sum of weights of the elements in &, is
given by Dg(LM). Suppose we get all labeled permutations in &,,_1, where n > 2. Let
7 be a permutation obtained from 7 € &,,_; by inserting n. There are six cases to label
n and relabel some elements of 7. Setting 7; = 7 (i), then the changes of labeling can be
illustrated as follows:

Lppovitn=DM ol pMp oo (n— 1)V -

Erpes (=DM ok e (0= )M

e n=DM s g M (= 1)Y
...ﬂgmﬂ...(n,l)M”.H. afnMuigy o (n— 1Y

...(n_l)M...nglH...(n_l)y...ﬁg mM;

In each case, the insertion of n corresponds to one substitution rule in G. By induction,
it is routine to check that the action of the formal derivative D¢ on the set of weighted
permutations in &,,_; gives the set of weighted permutations in &,,. This completes the
proof of (24). O

A proof Theorem 6:

Proof. (A) Let G be the grammar given by (23). By induction, we see that there exist
nonnegative integers a, ; ; such that

D&(LM) =LM Z n ity s
i,j=0
Then we get

Dg (D& (LM))

n
— LM Z Unij (xzy]+1sn—z—J _|_:L,'Lyj8n+1—l—j) +
,j=0
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n
LM Z i (Z-xiyj-&-lsn—i—j +jxi+1yj8n—i—j Y (n—i— j)xi+1yj+18n—l—i—j) )
1,j=0

Comparing the coefficients of LM x?y7 s"+1~#=7 in both sides of the above expression, we
get

Anii1,ij = Qnyig + (L0 anij—1 + jani—1,; + (0 —1i—j+2)ani—1,;-1- (25)

Multiplying both sides of (25) by x'y/s"T1~=J and summing over all i,j, we arrive
at (19).

(B) We now make a change of variables. Setting u = 2zy,v = z + y,t = s+ y and
I = LM, we get Dg(u) = uv, Dg(v) = v, Dg(t) = v and Dg(I) = It. Thus we get a
new grammar

G ={I — It,t = u,u — uv,v — u}. (26)

Note that Dg/(I) = It, D%, (I) = I(t> + u) and D2, (I) = I(t3 + 3tu + uv). Then by
induction, it is routine to check that there exist nonnegative integers v, ; ; such that

n  l(n=1)/2]
D¢ (1) = IZti Z Vi jul o™ (27)
i=0 =0

Then upon taking v = 2zy,v =z +y,t = s+y and I = LM, we get (21). In particular,
Y0,00 = 1 and o ; = 0 if (4,5) # (0,0). Since D& (I) = D (D% (I)), we obtain

D (D2 (1)) = 1Y iy (7 udon =72 =L Hyn=i=20) 4
) J

I Z’yn’i’j (jtiujv”"’l_i_Zj +(n—i-— 2j)tiuj+1v"_1_i_2j) .
1,3

Comparing the coefficients of t‘u/v"*1==2/ in both sides of the above expansion, we
get (22).

(C) The combinatorial interpretation of ~,;; can be found by using the following
grammatical labeling. Given a 0-1-2 increasing planted tree 7', the root 0 is labeled by
I. For the children of the root, each child with degree 0 (a leaf of the root) is labeled by
t and each child with degree one is labeled by 1. For the other vertices (not the children
of the root), each leaf is labeled by u, each vertex with degree one is labeled by v and
each vertex of degree two is labeled by 1. See Fig. 1 for an example, where the labels are
given in the parentheses.

Let T be the 0-1-2 increasing planted tree given in Fig. 1. We distinguish four cases:

(7) If we add 9 as a child of the root 0, then the vertex 9 becomes a leaf of the root,
and the label of 9 is ¢. This corresponds to the substitution rule I — It;



14 S.-M. Ma et al. / Advances in Applied Mathematics 162 (2025) 102772

(73) If we add 9 as a child of the vertex 4, the label of 4 becomes 1, and the vertex 9
gets the label w. This corresponds to the substitution rule t — wu;

(#9t) If we add 9 as a child of the vertex 5 (resp. 7, 8), the label u of 5 (resp. 7, 8)
becomes v, and the vertex 9 gets the label u. This corresponds to the substitution
rule u — uv;

(iv) If we add 9 as a child of the vertex 6, the label v of 6 becomes 1, and the vertex 9
gets the label u. This corresponds to the substitution rule v — w.

The aforementioned four cases exhaust all the cases to construct a 0-1-2 increas-
ing planted tree 77 on {0,1,2,...,n,n + 1} from a 0-1-2 increasing planted tree T on
{0,1,2,...,n} by adding n + 1 as a leaf. Since D, (I) equals the sum of the weights
of 0-1-2 increasing planted trees on {0,1,2,...,n}, then 7, ,; counts 0-1-2 increasing

planted tree T on {0, 1,2,...,n} with i+ j leaves, among which ¢ leaves are the children
of the root. This completes the proof. O

3.8. Proof of Theorem 8

We now write any permutation in &,, by using its standard cycle form, where each
cycle is written with its smallest entry first and the cycles are written in increasing order
of their smallest entry. Another grammatical labeling of 7 € &,, is given as follows:

(i) Put a superscript label L right after the entry 1;
(#4) Put a superscript label M at the end of ;

)

)

(#4¢) If w(¢) € Drop (7), then put a superscript label y right after ;

() Ifn(3) € Exc (m), then put a superscript label z right after ;
)

(v) If 7 (i) € ﬁ;(w), then put a superscript label s right after .
Thus the weight of 7 is given by
w(ﬂ') — LMQS&E (w)ydrop () Sﬂ;( (m) )

In particular, &; = {(11)M}, &y = {(1F)(25)M, (1£,2Y)M}, and the elements in &3
are listed as follows:

(15)(22)(3")M, (1F)(2*,3)M, (1%, 3v)(2*)™, (1F,24)(3*)M, (1%,3v,21)™,
(1F, 2%, 3v)M,

Along the same lines as in the proof of Lemma 9, one can easily deduce that

DE(LM)=LM Y a0 ydrop (m) ix(m), (28)
TES 41
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As illustrated by Example 10, by analyzing the changes of labeling, it is routine to check
that

(Basc, Des, Suc), (ET}E, Drop, f‘&)
are equidistributed over &,, and we omit the details for simplicity.

Example 10. When n = 3, the correspondences of (Basc, Des, Suc) and (ET)E, Drop,

ﬁ;) can be listed as follows:

Epsos3M o (15)(2%)(3%)M; E1o3Mov « (11)(273v)M; L3Mysov  (113v)(2%)M;

LoypegM o (1R2%3v)M, Los3Myy oy (1L9v)(35)M; L3Mauqy o (113v2y)M,
3.4. Another interpretation of the coefficients vy ;. ;

Simsun permutations were introduced by Simion and Sundaram when they studied
the action of the symmetric group on the maximal chains of the partition lattice [46,
p. 267]. We say that = € &,, has no proper double descents if there is no index i € [n — 2]
such that (i) > w(i + 1) > w(i 4+ 2). Then 7 is called simsun if for all k, the subword of
m restricted to [k] (in the order they appear in 7) contains no proper double descents.
Let RS, be the set of simsun permutations of length n. Define

Sp(z) = Z pdes (™)

TERS,

Here we list another three combinatorial interpretations of Sy, (x):

o the polynomial S, (x) is also the descent polynomial of Andfe permutations of the
second kind of order n + 1, see [14,21];

o the polynomial S, (x) equals the André polynomial that counts increasing 0-1-2
trees on [n + 1] by their leaves, see [11,21];

o the polynomial S, (z) counts simsun permutations of the second kind of order n by
their numbers of excedances, see [29].

A value x = 7(i) is called a cycle double ascent of 7 if i = 71 (z) < z < 7(x). We say
that m € &,, is a simsun permutation of the second kind if for all k € [n], after removing
the k largest letters of 7, the resulting permutation has no cycle double ascents. For
example, (1,6,5,3,4)(2) is not a simsun permutation of the second kind since when we
remove the letters 5 and 6, the resulting permutation (1, 3,4)(2) contains the cycle double
ascent 3. Let 8§, be the set of the simsun permutations of the second kind of length n.
We can now present another interpretation of the coefficients +,, ; ; defined by (21).
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Proposition 11. For any 0 < ¢ < n and 0 < j < [(n —1)/2], the number v, ; ; counts
simsun permutations of the second kind of order n which have exactly i fixed points and
j excedances.

Proof. We write any permutation in SS,, by using its standard cycle form. In order to
get a permutation 7 € 8S,,41 with i fixed points and j excedances from a permutation
m €8S, we distinguish four cases:

(c1) If 7 € 8S,, and fix (7) = ¢ — 1 and exc (7) = j, then we need append (n+ 1) to 7
as a new cycle. This accounts for 7, ;—1 ; possibilities;

(c2) f 71 €8S, and fix (7) =i+ 1 and exc (7) = j — 1, then we should insert the entry
n + 1 right after a fixed point. This accounts for (1 + )7, ;41,j—1 possibilities;

(c3) If m € §S,, and fix (7) = i and exc (7) = j, then we should insert the entry n + 1
right after an excedance. This accounts for jv, ; ; possibilities;

(c4) Since m € §S,, has no cycle double ascents, we say that 7 (i) is a cycle peak if i is an
excedance, i.e. i < w(i). If m € §S,, and fix (7) =i and exc (7) = j — 1, then there
are n—i— 2(j — 1) positions could be inserted the entry n+1, since we cannot insert
n + 1 immediately before or right after each cycle peak of 7, and we cannot insert
n+1 right after a fixed point. This accounts for (n —i—2j+2)v,; j—1 possibilities.

Thus the recursion (22) holds. This completes the proof. O
3.5. Proper left-to-right minimum statistic

Let m = n(1)w(2)---m(n) € &,. In this subsection, we always identify 7 with the
word (1) (2) - - - w(n)m(n + 1), where m(n+ 1) = 0. For 1 < i < n, a value 7 (i) is called
a left-to-right minimum if 7(7) < w(j) for all 1 < j < i or ¢ = 1. Let lrmin (7) be the
number of left-to-right minima of .

Definition 12. Given 7 € &,,. We say that (i) is a proper left-to-right minimum if it
satisfies the following two conditions:

e (1) is a left-to-right minimum and = (i) # 1,
o there exists an index k > ¢ such that m(k) = 7(i) — 1 and w(k) > w(k + 1).

Let plrmin (7) be the number of proper left-to-right minima of .
Example 13. For 7 € G3, we have

plrmin (123) = plrmin (132) = plrmin (213) = 0,

plrmin (231) = plrmin (312) = 1, plrmin (321) = 2.
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Consider the (s, t)-Eulerian polynomials

A\n(lﬂ, Y, S, t) _ Z xbasc (w)ydes (7)—plrmin () $Sue (Tr)tplrmin (m) )
eSS,

In particular, El(x,y, s,t) =1, A\g(l‘,y, s,t) =s+t, 121\3(.13, y,s,t) = (s +1)? + 2zy.
Lemma 14. If

G={L— Lt, M - Ms,s — zy,t = xy,z — Ty,y — TY},
then we have

Dg(LM) _ LMA\TL+1 (.’E, Y, S, t) — LM Z zbabsc (Tr)ydes (7)—plrmin (ﬂ)ssuc (‘n’)tplrrnin () )
TES 41

(29)
Proof. A grammatical labeling of 7 = w(1)7(2)---7(n) € &,, can be given as follows:

Put a superscript label L at the front of 7;
Put a superscript label M right after the maximum entry n;

)
)

(#i7) If ¢ is a big ascent, then put a superscript label z right after (7);
) If ¢ is a succession, then put a superscript label s right after 7(4);
)

If i is a descent and (i) + 1 is a left-to-right minimum, then put a superscript label
t right after 7(4);

(vi) If 4 is a descent and 7(4) + 1 is not a left-to-right minimum, then put a superscript
label y right after (7).

Then the weight of 7 is given by

w(7r) — Lbeasc (W)ydes (m)—plrmin (W)Ssuc (w)tplrmin () )

Note that &; = {L1M} and &, = {F152M L 2M 1t} Note that Dg(LM) = LM(s + t).
Hence the weight of the element in &; is LM and the sum of weights of the elements
in &y is given by Dg(LM). Along the same lines as in the proof of Lemma 9, one can
discuss the general cases and we omit the details for simplicity. O

The sets of succession values and proper left-to-right minima of 7 € &,, are defined
by

Suc* (1) = {n(Q) : w(i+1) =7(i) + 1, i € [n— 1]},

Plrmin(7) = {m(7) : ¢ is a descent and 7(z) + 1 is a left-to-right minimum}.
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Using the grammatical labeling given in the proof of Lemma 14, it is routine to verify
the following result, see Example 16 for an illustration.

Proposition 15. The pair of set-valued statistics (Suc*, Plrmin) is symmetric over &,,.

Example 16. Recall that &, = {£152M L 2M 1t} Consider the insertion of the entry 3.
Using the correspondences L <> M, s <> t and x < y, the symmetry of the pair of
set-valued statistics (Suc*, Plrmin) is demonstrated as follows:

(Suc*(*1253M), Plrmin(*1°2°3M)) = ({1,2},0) > (Suc*(“32'1"), Plrmin("3M2°1"))

0,{1,2});

,0) > (Suc*(“2¥1*3M), Plrmin("2Y1*3M))
0);

{1},{2}) > (Suc*(*2°3M1"), Plrmin("2°3M1"))
{23:{1}).

(

= (
(Suc*(*1*3"2Y), Plrmin("1*3M2Y)) = (0
= (0

(Suc*(“3M1°2%), Plrmin(*3M1%2")) = (

= (

The following theorem is easily derived from Lemma 14 in the same way as Theorem 6.

Theorem 17. For the (s,t)-FEulerian polynomials, we have

~ ~ 0 0 0 2\ ~
At (z,y,8,t) = (s+t)An(z,y,8,t) + xy <8 + 87 + 75 + 8t) An(z,y,s,t);  (30)
R n L)
Anii(@,y,s,) =Y (s+8) > iy ay) (@ +y)" 7%, (31)
i=0 j=0

which implies that ﬁn_H(x, Y, 8,t) is symmetric in the variables s and t as well as  and
Y.

Corollary 18. We have

[n/2]
Z :L,basc (W)ydes (m)—plrmin (Tr)ssuc (w)(is)plrmm (m) _ Z V0.4 (2xy)j (’I + y)n72].
7T€6n+1 7=0

A special case of (31) says that A\nﬂ(x, 1, s,t) is partial y-positive, i.e.,

n L(n i)/2]
An+1(x7 1787t) = Z(S +1t Z In 1](2‘1‘) (.’17 + 1)77« - 2]
i=0 Jj=0

Comparing (31) with Corollary 3, we see that A, (x,1,s,t) is bi-y-positive if s + ¢ = 1.
Combining this with [31, Theorem 2.4], we obtain the following result.
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Corollary 19. Let s and t be given real numbers such that 0 < s+t < 1, then A\n (z,1,s,t)
is alternatingly increasing.

4. Relationship to fix and cyc (p, g)-Eulerian polynomials
4.1. A fundamental lemma on (p, q)-Eulerian polynomials

The fix and cyc (p, q)-Fulerian polynomials A, (x,y,p,q) are defined by

An(l‘, Y, P, q) — Z 7%C ('n’)ydrop (w)pﬁx (ﬂ")quC () )
ﬂ'EGn

This (p, ¢)-Eulerian polynomial contains a great deal of information about permutations
and colored permutations, see [27,31,39] for details. In particular, according to Theo-
rem [31, Theorem 3.6], when 0 < p < 1 and 0 < ¢ < 1, the polynomials A, (z,1,p, q) are
alternatingly increasing. The following result will be used repeatedly in our discussion.

Lemma 20 (/31, Lemma 3.12, Theorem 3.4]). If
Gy ={I — Ipq,p — zy,x — xy,y — wy}, (32)
then we have

81 (I) =1 Z ¢ (ﬂ—)ydr‘)p (W)pﬁx (Tl')qcyc (71—)
TeES,

Consider the change of variable w = xy and v = x+y. Then Dg,(I) = Ipq, Dg,(p) = u,
D¢, (u) = uv, Dg,(v) = 2u. Setting

Gy ={I = Ipg,p — u,u — uv,v — 2u}, (33)
then we get
o Lni)/2) -
DE, (D =1Y_p" D Ynijl@uv™ "%, (34)
i=0 §=0

where

ig(@) = Y q¥™ (35)

€Sy i,j

and &, ; ={m € 6, :cda(n) =0, fix(7) =1, exc(m) =j}.
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4.2. Four-variable polynomials

We can now present the first result of this section.

Theorem 21. We have

Z pbasc (w)ydes (m)—plrmin () gSue (Tr)tplrmin (m)

7T€6n+1

fix ()
— Z 7ex¢ (W)ydrop (m) (t ; S) 9eye () )

TeES,

When t = vy, it reduces to

Z base (), des () ()*Z (m),d <>y+3ﬁx(w) (m)
asC (T es (m suc (T — exc (m rop (m™ 2(3yC s .
x Y S x Y ( 9 )

TES 11 T€ES,

Proof. Consider a change of the grammar G given by Lemma 14. Set LM = I, t+s = pq,
where p = t+s ,q = 2, then we get the substitution rules defined by (32). By Lemma (20),
we immedlately get the desired expression. This completes the proof. O

Combining Theorem 21 and Propositions 1 and 4, we get the following.

Corollary 22. For any n > 1, the following two polynomials are alternatingly increasing
and spiral, respectively:

Z 2XC¢ () geye (m)— ﬁx(7r Z X () geye 7r)

TeES, €S,

4.8. Five-variable polynomials

In this subsection, we shall consider the joint distribution of the numbers of succes-
sions, peaks, double ascents and double descents. We need some more definitions. In this
subsection, we always let 7(0) = w(n + 1) = 0 for 7 € &,,. Then for i € [n], any entry
m(i) can be classified according to one of the four cases:

e apeakif w(i —1) <w(i) > n(i+1);

e avalley if 7(i —1) > w(i) > w(i + 1);

e a double ascent if 7(i — 1) < 7(3) < w(i + 1);
o a double descent if (i — 1) > 7(3) > w(i + 1).

Let pk (7) (resp. val(r), dasc (), ddes (7)) denote the number of peaks (resp. valleys,
double ascents, double descents) in 7. It is clear that pk (7) = val(w) + 1. In recent years,
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these statistics have been extensively studied by using various techniques, including
continued fractions [43,44] and noncommutative symmetric functions [23,50].

Definition 23. We say that a value 7 (i) is a simsun succession of 7 if 7(i) + 1 lies to
the right of 7 (i) and all the values (if any) between 7 (i) and 7 (i) + 1 are greater than
(i) + 1.

Let simsuc (7) denote the number of simsun successions of m. Clearly, suc(m) <
simsuc (7).

Example 24. For 7 € &3, we have
simsuc (123) = 2, simsuc (132) = 1, simsuc (213) =0,
simsuc (231) = simsuc (312) = 1, simsuc (321) = 0.
Consider a refinement of Eulerian polynomials

k 1 d dd ims
Ap(ar, ag, 3,04, 5) = E 04113 (ﬂ)a\zla (ﬂ)a:sasc(ﬂ)% s (m) gsimsuc (),

TES,
In particular, A;(a1, ag,as,aq,s) = ag and As(ar, ae, as, aq, s) = ar(sas + aq).

Theorem 25. Let be v, ; ;(q) defined by (35). Then we have

)n7i72j.

) Ynsi (s + 1)od e (as + o

sag + oy
Anyi(ar, az,a3,04,8) = E — 1
. s+1 -
1=0 7=0

In particular,

where [}] is the unsigned Stirling numbers of the first kind, i.e., [}] = #{r € &, :
cyc (m) = k}.

Proof. We claim that if G = {ag — a1y, as = asas, az = ajas, ay — ajas, M —
sMas}, then we have

DE(May) = MAyi1(on, ag, a3, 04, 5). (36)

Recall that permutations are prepended and appended by 0. We now give a grammatical
labeling on permutations to generate the generalized Eulerian polynomials:
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(i) If 7(i) = n, we label it as “1nM;

(i) If w(¢) is a peak and 7 (i) # n, we label it as *17(7)*2;

b

) If (i)

) If 7 (2)

(#i7) If (i) is a double ascent, we put a superscript ag just before 7(i);

(iv) If (i) is a double descent, we put a superscript ay right after (i
) If (i)

)
(v) If w(7) is a simsun succession, we put a subscript s right after ().
With this labeling, the weight of 7 is given as follows:

Mapl)k (w)a;al(w)agasc (Tr)ajdes () SSimsuC () .

Note that &1 = {“11M} and &, = {*1012M @12M124} Then the sum of weights of
the elements in Gy is given by Dg(Maq). We now present an example to illustrate the
general case. Let m = 134265 € &g, the grammatical labeling of 7 is given as follows:

aa]aagargazgagMpos

When we insert 7 into 7, the generated weighted permutations and their corresponding
substitution rules can be listed as follows:

augMyaaganjozgmgozson oy oy 5 o ag;
asjoagMgarjagagazsas oy s o ai;
asqasgorMyaagaigazses o) s agay;
asjasgasgeagMomgarson o) s apas;
asjaagaigeegarMEeancs o o) 5 agay;
a31333?14a220‘36?17M5a4 — M — sMasg;
asjasgoageageageesearM oo 0 a.

Each insertion of 7 corresponds to one substitution rule in G. Continuing in this way,
we can eventually generate all the weighted elements in &,,. This completes the proof

of (36).
Note that
Dg(May) = Maj(sas + a4), Da(sas + ag) = (14 s)aras,
De(anaz) = aqas(as + ag), Dalas + ayq) = 20qas.
We make a change of variables. Setting a = May, b = sas + ag, u = ajas and

v = a3 + ay, we get the following grammar:

G ={a—ab, b— (1+s)u, u— uv, v — 2u}.
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Consider a change of the grammar G’. Set a = I,b = pq, where p = %, q=1+s,

saztoy _
irs 0 97

145, u=ajas and v = a3 + a4 into (34), we immediately get the desired expression.

then we get the grammar Gs defined by (33). Substituting I = «a;, p =

This completes the proof. 0O

Corollary 26. We have

n L(n—i)/2]
Apti(ar, a, a3,04,0) = Zai Z ’Vn,i,j(l)aiﬂaé(ag + 044)71—1—237
i=0 j=0

where vy ; (1) = #{m € &, : cda(m) =0, fix(7) =1, exc(m) =j}.

Let

According to [31, Eq (13)], we have

1

q
. — o*(P—3)a
W’(CE,p,CI»Z) € (mcosh(%M)—sinh(é 1—4.%)) .

Define
=1
Alar, a2, 03,04, 5;2) = E a—An+1(04170é270437a478)m-
1 .
n=0

By Theorem 25, we get the following.

Corollary 27. We have

a0 sag + oy
ag+ag)?’ (s+ 1)(ag + ay)

A(Oé17062,043,06475;2’) :7(( 71+8; (CY3+O[4)Z>

2

z
=14 (saz+ o)z + (v1aa(1+5) + (sag + a4)2)§ +-

4.4. Siz-variable polynomials
Recall that

An({L‘, Y, P, q) _ Z 7e%¢ (W)ydrop (Tr)pﬁx (w)qcyc (7\')'
€S,

Using the exponential formula, Ksavrelof-Zeng [27] found that
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& n 2\ ¢
z (1 —=x)eP
> An@ 1,p,q) = (m :
n=0
Since exc (7) + drop (7) + fix (7) = n for m € &, it follows that
& n z \ 4
z (y — x)e?
ZAn(l“,y,}ZQ)H = <m . (37)
n=0
We now provide a generalization of Lemma 14, which can be proved in the same way.

Lemma 28. If G = {L — pLt, M — ¢Ms,s — zy,t — zy,x — xy,y — xy}, then we
have

ng (LM) — LM Z xbasc (Tr)ydes (7)—plrmin (W)Ssuc (w)tplrmin (Tr)plrmin (Tr)flqsimsuc () )

TES 41
Theorem 29. We have

Z xbasc (‘n')ydes (m)—plrmin (‘n')Ssuc (w)tplrmin (w)plrmin (w)—lqsimsuc ()

TES 41

pt +gs
:An (‘raya 7p+q>7
p+q

which implies that (suc,plrmin ) and (Irmin () — 1, simsuc) are both symmetric distri-

bution.

Proof. Let G be the grammar given by Lemma 28. Note that Dg(LM) = LM (pt + gs)
and Dg(pt + gs) = (p + q)xy. Setting LM — 1, % — p and p + ¢ — ¢, we obtain
the substitution rules defined by (32). By Lemma (20) and (37), we immediately get the
desired expression. This completes the proof. O

Combining (37) and Theorem 29, we can give the following generalization of (15).

Corollary 30. We have

Z Z basc 71') des () —plrmin (71') suc (w)tplrmm (7r) Irmin (7)— lqsnnsuc (m) ﬁ

n!
n=07€eS, 41

p+q
— o(pthas)z y—=r
yers — reY*

=1+ (gs+pt)z + ((qs +pt) + (p+ Q)fcy)

22

7+
3

((gs +pt)° +3(p+ ) (gs + pt)ay + (p+ Day(x +y)) = T



S.-M. Ma et al. / Advances in Applied Mathematics 162 (2025) 102772 25

We now provide some particular cases of Theorem 29.

Corollary 31.

(a)

When =y =1, we have

suc (m) yplrmin (7), lrmin (7)—1 simsuc () pt +gs fix () cyc ()
> sy p q = > (3 (p+ ).
‘ITEGn+1 TeES, p q

When g =0 and y = s =p =1, we have

Z xbasc (W)tplrmin (m) — Z 2oxe (ﬂ‘)tﬁX (m) ) (38)

TES 41 TeES,
simsuc (7)=0

When y=s=t=1, we have

Z xbasc (w)plrmin (ﬂ)—lqsimsuc (m) — Z 7€XC (ﬂ)(p_’_q)cyc (71')

TES 41 eSSy,
When ¢ = —p, we have

Z xbasc (w)ydes (m)—plrmin (W)SSUC (w)tplrmin (Tr)plrmin (m)—1 (_p>simsuc (m) — pn(t_s)n7

TES 41

since only the identity permutation 12 ---n contributes the nonzero term in the right
side.
When y =1 and t = s, we have

Z xbasc (W)SSUC (7)+plrmin (w)plrmin (w)—lqsimsuc (m)

W€67L+1

— Z xexc(ﬂ)sﬁx(w)(p+q)cyc(ﬂ)'

€Sy
When s =z and t =y, we have
Z 725¢ (ﬂ)ydes (ﬂ)plrmin (ﬂ)—lqsimsuc ()
TESn 11
fix (m)
exc (n), drop () ( PY T 4% cyc (m

-3 <>ydp<>< ) (p+ g) ™.

€S, p+a

When s = —t and ¢ = p, we have

Z xbasc (W)ydes (7)—plrmin () (_t)suc (Tr)tplrmin (w)psimsuc (7)+Irmin (7)—1

TES 41
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_ exc (), drop (7 cyc (m
= E gex¢ (7) g drop () (9 y)yeye (7).
T€D,

where D,, is the set of derangements in S,,. Setting y =t =1, we get

E xbasc (m) (_1)suc (ﬂ)psunsuc (m)+lrmin (7)—1 _ Z 7€XC (m) (2p)cyc (Tr)

W€6n+1 we€D,
which is vy-positive following from (7).

By [31, Theorem 3.6], we see that if ¢t € [0,1] and ¢ € [—1, 0], then the following two
polynomials are alternatingly increasing:

E bdsc () tplrmm ) E xbdbc () blmbuC (71')

TeES, 7T€Cn+1
simsuc (7)=0

4.5. A combinatorial interpretation of the expression (18)

Recall that

$7 17 1 Z xbmsc (7r)

TES,

From (18), we see that A, 1(x,1,1) can be rewritten as a sum of three parts:

n—1

In the sequel, we explore a combinatorial interpretation for the decomposition (39).
Firstly, we claim that

Z xbasc (71')7 (40)

TES 41

w(1)=1
which gives a new interpretation of the Eulerian polynomial. It is easy to verify that the
above expression holds for any n < 4. Let A, (z) = Zz;é D)xk It is well known that
the Eulerian numbers (}) satisfy the recursion

<n7€_1>(k+1)<:>+(nk+l)<kﬁ1>, (41)

with ({) =1 and (;) =0if k < 0or k > 1. Define A, = {7 € &,41 : 7(1) = 1}. In
order to get a permutation © € 2,11 with k big ascents from a permutation 7’ € 2, by
inserting the entry n + 2 into 7/, we distinguish two cases:
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o If basc (7') = k, then we have to insert the entry n + 2 right after each big ascent
value or right after the entry n + 1. There are k 4+ 1 ways to insert n + 2, and the
first term of the right-hand side of (41) is explained;

o If basc(n’) = k — 1, then we have to insert the entry n + 2 right after one of the
other n+1— (k—1)—1=n—k+ 1 positions. The second part of the right-hand
side is explained and so we complete the proof of (40).

Secondly, setting t = 1 in (38), we see that

Z xbasc () — Z exe (m) = An(:L‘) (42)

TES 41 TES,
simsuc (7)=0

When n > 1, if 7 € 2,,, it is clear that simsuc (7) > 1. Then {7 € &,,41 : simsuc (7) = 0}
is disjoint with 2,,. Using (40) and (42), we discover that the third part of (39) has the
following combinatorial interpretation:

n—1

" . . — basc ()
> (i)AZ@)AM(x) T e,
i=1 TEGn41
simsuc (7)>1
(1)>1

From Corollary 3, we see a dual of the above convolution formula:

n

Z(?)Ai(x)dni(l')z S abe,

=1 TES 41
suc (m)=0
7(1)>1
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